Abstract. If a homeomorphism on the bucket handle has an invariant composant, it has a fixed point in that composant. It follows that a homeomorphism on the bucket handle has at least two fixed points. Our methods apply to general Knaster continua.
Introduction
Mahavier has asked whether every homeomorphism of the standard Knaster continuum or bucket handle has at least two fixed points [3, p 384, Problem 120] . In this paper we give a positive answer to this question. Our proof makes use of the fact that the 2-solenoid is a branched covering space of the bucket handle. The structure of the isotopy class group of the solenoid is also involved in the proof. See Section 2 for details. The proof is presented in Section 3. In the remainder of this section we recall some notation.
The solenoid and bucket handle will be represented as limits of inverse sequences. We consider inverse sequences
The shift σ of the inverse limit is defined by σ x n n = x n+1 n .
The bucket handle is the inverse limit of the sequence (1) with X = I, the unit interval, and f = τ , the tent map which is defined by τ (x) = min{ 2x, 2 − 2x }. The bucket handle is denoted by K and the shift on K is denoted by σ K . Since the tent map has two fixed points, so does the shift σ K . The sequence 0 n in K is called the initial point and is denoted by 0 K . The initial point is topologically unique. Thus the initial point is a fixed point of every homeomorphism of the bucket handle. Mahavier's question is: does there exist yet another fixed point?
The circle R/Z is denoted by C. Via the quotient map C is identified with [0, 1). The circle C has the structure of an additive topological group; the sum of x and y is x + y (mod 1). The 2-solenoid, or just solenoid, is the inverse limit of the sequence (1) with X = C and f = δ, the doubling map which is defined by δ(x) = 2x (mod 1). The solenoid is denoted by S and the shift on S is denoted by σ S . The solenoid is a compact abelian group. The group operation is coordinatewise addition. The zero element is 0 n . It is denoted by 0 S .
Note that the restriction of the tent map to [0, 1) maps C onto I. Thus τ is a semi-conjugacy of δ to τ : τ • δ = τ • τ . It follows that τ induces a semi-conjugacy, denoted by π, of σ S to σ K , namely, π x n n = τ(x n ) n . We have π • σ S = σ K • π. Note that π(0 S ) = 0 K . Hence π is a map of the pointed space (S, 0 S ) to the pointed space (K, 0 K ). The following result is well known. The relation between the bucket handle and the solenoid is very much that between a non-orientable manifold and its orientable cover. In this sense the involution ρ is a deck transformation. As is stated in the next theorem, the projection map π : S → K has the isotopy lifting property [1] . Recall that homeomorphisms g, h : (X, p) → (X, p) of the pointed space (X, p) are isotopic, g ∼ h, if there exists a continuous map H : X × I → X such that H(·, t): X → X is a homeomorphism with H(p, t) = p for all t ∈ I, H(·, 0) = g and H(·, 1) = h. We observe that the composants of S and K are just the arc components.
Theorem 2. Let H : K × I → K be an isotopy on the bucket handle. There exists an isotopy
The isotopy lifting property also holds for the pointed spaces (K, 0 K ) and (S, 0 S ).
Lifting homeomorphisms of the bucket handle
We discuss the relation between homeomorphisms on the solenoid and homeomorphisms on the bucket handle. The reader is referred to [1] for details.
It is well known that the solenoid admits a flow without rest points. Here is an explicit construction of such a flow ϕ. The sequence s(t) = t/2 n (mod 1) n is an element of the solenoid for each t ∈ R. Note that s is a continuous group isomorphism of R to the dense one-parameter subgroup Γ = s(R) of S. The flow ϕ : S × R → S is defined by ϕ(x, t) = x + s(t). We make the following observations. 
Proof. According to Theorem 2 the homeomorphism h can be lifted to a homeomorphism h of the solenoid. Note that h • ρ is another lift. We have to show that there are no other lifts. First consider the special case that h equals the identity id K . Let h : S → S be a lift of the identity. Then by Proposition 1
the union of two closed sets with intersection {0 S }. Since S \ {0 S } is connected, one of these sets must be empty. We now collect some results from [1] concerning isotopy classes of homeomorphisms of S and K. The isotopy class of a homeomorphism h is denoted by [h] . The class group C(X, p) is the group of isotopy classes of base point preserving homeomorphisms. The group of automorphisms of a topological group G is denoted by Aut(G). The proof of the following theorem goes back to [4] .
Theorem 5. The map i : Aut(S) → C(S, 0 S ) defined by i(h) = [h] is an isomorphism.

Theorem 6. Aut(S) Z ⊕ Z/2Z
Corollary 7. The subgroup of orientation-preserving isotopy classes in C(S, 0 S ) is infinite cyclic and generated by σ S .
Theorem 8. The class group C(K, 0 K ) is infinite cyclic. It is generated by σ K .
Fixed points on the bucket handle
We say that a homeomorphism h has an invariant set A if h(A) ⊂ A. We first prove that each homeomorphism of the bucket handle has at least two invariant composants. Then we show that if a homeomorphism of the bucket handle has an invariant composant, it has a fixed point in that composant.
Lemma 9. A homeomorphism on the bucket handle has at least two invariant composants.
Proof. Each homeomorphism h on the bucket handle is isotopic to an iterate of σ K . Note that if H is an isotopy then H(x, t) and H(x, s) belong to the same composant for all s, t ∈ I. It therefore suffices to show that σ K has two invariant composants. The points 0 K and 2 3 n are fixed points of σ K . We complete the proof by showing that these fixed points are not contained in the same composant. The preimage of 0 K in the solenoid is 0 S . Now
It follows that π −1 2/3 n and the composant of 0 S are disjoint. Hence the fixed points 0 K and Proof. As α is a homomorphism, 0 S ∈ Γ ∩ α(Γ). It follows that α(Γ) ⊂ Γ. Define
By Lemma 10, α is continuous on each compact interval, hence continuous. Because α is also a homomorphism, α(R) is a connected subgroup of R. The lemma follows.
Recall that the composant of a point p of S is Γ(p) = p + Γ.
Proof. By Theorem 5, g is isotopic to an automorphism γ : S → S. Note that g(x) and γ(x) belong to the same composant for each x ∈ S. Consequently g(x) − γ(x) ∈ Γ for all x. Define β = g − γ and α = γ − id S . As the cosets of Γ coincide with the composants, β(S) is a compact subset of Γ. Note that α is a continuous homomorphism. In view of Lemma 11, there are two cases: α(Γ) = Γ or α(Γ) = { 0 S }. In the latter case α(S) = 0 S , whence γ equals id S and β = g − id S . In particular, g − id S Γ(p) = β Γ(p) ⊂ β(S), which is a compact subset of Γ, and the proof is complete. So we may assume that α(Γ) = Γ. Under this assumption by an intermediate value argument we shall show that there exists a z ∈ Γ such that g(z + p) = z + p. This is impossible, as g(x) = x for all x ∈ Γ(p).
As g Γ(p) ⊂ Γ(p), we have g(p + y) − (p + y) ∈ Γ for all y ∈ Γ. It follows that for all y ∈ Γ
The intermediate value argument follows. As β is continuous, β(S) is a compact and connected subset of Γ. Note that α and β(p + ·) send Γ to Γ. As in the proof of Lemma 11 there are continuous lifts α : R → R and β : R → R of α and β(p + ·) respectively. As α(R) = R and β (R) is compact, α + β maps R onto itself. It follows that for some x in R we have, writing s(x) = z,
It follows that (g − id S )(p + z) = 0 S .
Lemma 13. If a homeomorphism on the bucket handle has an invariant composant, it has a fixed point in that composant.
Proof. Suppose that g : K → K has an invariant composant Γ(p). We may assume that Γ(p) is not the composant of the initial point, since the initial point is a fixed point of every homeomorphism of K. The preimage of Γ(p) in S under π is the union of two composants Γ 1 ,Γ 2 of S, which are interchanged by the involution ρ. Let g be the lift of g which has both Γ 1 and Γ 2 as an invariant set. We show that g has a fixed point on Γ 1 ∪Γ 2 . The proof is by contradiction. If there is no fixed point, then by Lemma 12 the map h = g − id S sends Γ 1 into a compact subset of Γ. The same holds true for Γ 2 . Now observe that h•ρ = ρ• h, so A = h Γ 1 ∪Γ 2 is invariant under ρ. Note that A is contained in a compact subset K of Γ. Furthermore, A is connected, since Γ 1 ∪ Γ 2 is connected. So we may assume that K is connected as well. As in the proof of the previous lemma, there is a compact interval J in R such that s(J) = K. The restriction of s −1 to K is a homeomorphism. It follows that s −1 (A) is a connectected subset of R such that s −1 (A) = −s −1 (A).
Consequently 0 ∈ s −1 (A). Hence 0 S ∈ A, so h has a fixed point in Γ 1 ∪ Γ 2 .
Lemma 9 and Lemma 13 imply our main result.
Theorem 14. A homeomorphism on the bucket handle has at least two fixed points.
This result can be extended as follows. For each m in N we define the tentlike map τ m : I → I by periodic extension of the map τ m (x) = min{ mx, 2 − mx }, x ∈ [0, 2 m ]. The inverse limit of the sequence (1) with X = I and f = τ m is the Knaster continuum K m . In this terminology the bucket handle is equal to K 2 .
Theorem 15. Let p ∈ N be a prime number. Let g : K p → K p be a homeomorphism on the Knaster continuum K p . The number of points in {x | g n (x) = x} is at least equal to p · n.
